In this study, we model the warranty claims process and evaluate the warranty servicing costs under non-renewing, renewing and restricted renewing free repair warranties. We assume that the repair time for rectifying the claims is nonzero and the repair cost is a function of the length of the repair time. To accommodate the ageing of the product and repair equipment, we use a decreasing geometric process to model the consecutive operational times and an increasing geometric process to model the consecutive repair times. We identify and study the alternating geometric process, which is an alternating process with cycles consisting of the item's operational time followed by the corresponding repair time. We derive new results for the alternating geometric process in a finite horizon and use them to evaluate the warranty costs over the warranty period and over the life cycle of the product under a non-renewing free repair warranty, a renewing free repair warranty and a restricted renewing free repair warranty. Properties of the model are demonstrated using a simulation study and by fitting the models to real data from an automotive manufacturer.
Introduction
In warranty cost analysis, it is typically assumed that the time required to rectify a warranty claim is negligible. In many cases, this assumption is reasonable but there are situations where this assumption is hard to justify, for example, having lengthy repairs with high penalty costs or leading to substantial loss of income. In these cases, ignoring the length of repair will lead to underestimation of the expected warranty costs.
Chukova and Hayakawa 1,2 studied models based on an alternating renewal (AR) process (i.e. assuming independent and identically distributed (i.i.d.) operational times and i.i.d. repair times) to evaluate the warranty costs under both non-renewing and renewing warranties. Non-zero repair times and a finite time horizon were taken into account in these models. For further details on AR processes, see Ross. 3 For further details about the application of the renewal theory in warranty cost analysis, see Kao and Smith. 4 For details on models with non-zero repair times, see previous studies. [5] [6] [7] [8] [9] [10] [11] [12] [13] The main goal of this article is to study a generalisation of the aforementioned results in Chukova and Hayakawa 1,2 to more realistically account for product ageing, that is, the operational times are stochastically decreasing and the repair times are stochastically increasing. We use the geometric process (GP) to model the stochastically increasing and decreasing times (see Lam 14 for an overview of the GP). In this article, we model a scenario in which, as an item ages, the operational time decreases and the time required to bring a faulty product to a functioning condition increases. Hence, the new model will be based on an alternating geometric (AG) process, which we will introduce in section 'The model'. We derive results for the AG process under non-renewing free repair warranties, renewing free repair warranties, and restricted renewing free repair warranties, in sections 'Warranty cost analysis under a non-renewing free repair warranty' and 'Warranty cost analysis under a renewing free repair warranty and a restricted renewing free repair warranty', respectively. The properties of the models are explored in section 'Numerical examples'. We fit the models to data from an automotive manufacturer in section 'Application of the AG process to automotive warranty data'.
The model
The AG process
Consider an item, which initially operates for a length of time X 1 and then fails. After this, it undergoes repair for a length of time Y 1 . After the repair, the item is again operational for a time X 2 , which is followed by a repair for a time Y 2 and so on. We assume the following:
1. fX i g ' 1 and fY i g ' 1 are independent sequences of random variables; 2. fX i g ' 1 is a stochastically decreasing GP with parameters fa, F X 1 (t)g, a ø 1; 3. fY i g ' 1 is a stochastically increasing GP with parameters fb, F Y 1 (t)g, 0 \ b41.
A stochastic process fZ i g ' 1 is referred to as a GP with parameter b if there exists a real number b . 0 such that fb iÀ1 Z i g ' 1 is a renewal process (RP). 14 The expected value is given by E(Z i ) = E(Z 1 )=(b iÀ1 ). A GP is stochastically increasing if 0 \ b41 and stochastically decreasing if b ø 1. If b = 1 the process becomes an RP. Refer to Pham and Wang 15 for a different parametrisation of the GP. For a recent in-depth study of the GP, refer to Wu. 16 The process described above is referred to as an AG process with parameters fa, F X 1 (t); b, F Y 1 (t)g.
We refer to a period of time as a cycle if it consists of an operational ('on') time followed by the corresponding repair ('off') time. We suppose that the repair cost is incurred at the end of each cycle. If the warranty coverage expires during a repair period, the corresponding repair is completed and its cost is fully incurred by the warrantor. In this case we have a complete cycle. If the warranty expires during an operational period, the cost of the following repair is not covered by the warrantor and the cycle is incomplete. Similar to Chukova and Hayakawa 1,2 and Marshall et al., 7 we assume that the cost of the ith repair has the form
where A and d are the prespecified constants.
The life cycle of a product is defined as the time while the product is still usable and contemporary. We assume that during the life cycle, after the expiration of the warranty coverage for the initially purchased item, at the time of the first off-warranty failure, the consumer purchases an identical item to the initial one with the same warranty coverage.
The AG process in finite horizon
Consider an AG process with the ith 'on' time distribution F X i and the ith 'off' time distribution F Y i . We assume that the 'on' and 'off' time processes are GPs. The 'on' time process is a decreasing GP with ratio a ø 1, F X i (t) = F X 1 (a iÀ1 t), i = 1, 2, . . . The 'off' time process is an increasing GP with ratio 0 \ b41, F Y i (y) = F Y 1 (b iÀ1 y), i = 1, 2, . . . Denote by Z i = X i + Y i the length of the ith cycle, that is, the sum of the ith operational and ith repair times, with the cumulative distribution function (CDF) H i (t). Let
Then, the number of AG process cycles completed by time t and its expected value are given, respectively, by N(t) = supfn : S n 4tg and m 1 (t) = E(N(t)):
Analogously to computing the renewal function, 3 we can see that
where
and '*' denotes a convolution.
Next we summarise some of the results needed to evaluate the expected warranty costs. Most of the results are stated without proof. First, by extending the results of Lam 14 (Thm 2.3.1), the probability that the system is 'on' at time t can be obtained as follows
Let T . 0 be the length of a finite period of time. Then, the following results hold:
Theorem 2. For T4t
Theorem 3.
Warranty cost analysis under a non-renewing free repair warranty
Next, we consider a non-renewing free repair warranty (NRFRW) strategy, that is, the product is warrantied for a fixed period of time T, usually starting right after the purchase. During the warranty period, all expenses are borne by the manufacturer. We derive the expected warranty costs over the warranty period T and over the life cycle L.
Expected warranty costs over (0, T)
The total cost over the warranty period, C(T), can be represented as
where P(on at T) is given by equation (3) . For b 6 ¼ 1, we have
and
The expression in equation (10) Let L Ã be a prespecified time during which a product is considered to be contemporary and competitive with similar products in the market. Let L be the time of the first off-warranty failure of the product after L Ã . Then, we call (0, L) a life cycle of the product. This implies that T \ L Ã \ L. Let j represent the time between two consecutive purchases, that is
where m Ã j (t) is a renewal function of the RP generated by j. Based on the definition of j, its distribution can be represented via the respective conditional distributions of S N(T) + X N(T) + 1 and S N(T) + 1 + X N(T) + 2 , given in equations (5) and (6), respectively.
Warranty cost analysis under a renewing free repair warranty and a restricted renewing free repair warranty Next, we consider a renewing free repair warranty (RFRW) under which, following a warranty repair, the item is warrantied anew for a period of length T. If the warranty period ends during an operating period, the cost of the following repair is not incurred by the warrantor and the warranty coverage expires. Here, we will distinguish between warranty coverage W T , which is a random variable, and warranty period, which is a predetermined constant T. We define W T as the time from the purchase of the product until the expiry of the warranty coverage. We also consider a restricted renewing free repair warranty (RRFRW(n)), under which the number of repairs is limited to some predetermined number n. We define W n T as the warranty coverage under an RRFRW(n).
Cost analysis under an RFRW
Expected warranty costs over (0, W T ). Due to the mechanism of the renewing warranty, W T is equal to
Then, the warranty cost C(W T ) over the warranty coverage is a random variable and its distribution is as follows
. . .
where E(C i ), for b 6 ¼ 1, is given in equation (8) . Next, we consider the expected warranty costs E(C(W T )) over (0, W T ). After some algebraic manipulations, we obtain that
It can be shown that the series in equation (12) is divergent (based on d'Alembert's test and the StolzCesa`ro theorem (SCT), 17 see Appendix 1). Hence, E(C(W T )) goes to infinity. Therefore, assigning a warranty period of length T for a product, with operational and repair times that form an AG process with parameters fa, F X 1 (T), b, F Y 1 (T)g, is not a viable business option. It may, however, be practical to offer a RRFRW, with at most n warranty repairs (RRFRW(n)), which we will present in section 'Cost analysis under an RRFRW(n)'.
Cost analysis under an RRFRW(n)
As an alternative to an RFRW strategy, we will consider a modified version, called a RRFRW with parameter n (RRFRW(n)), under which at most n warranty repairs are covered by the warranty, where n is a known fixed constant.
Expected warranty costs over (0, W T n ). Under an RRFRW(n), the warranty coverage W n T can be represented as follows
Then, the warranty cost C(W n T ) over the warranty coverage is a random variable and its distribution is as follows
with probability 1 À F X 1 (T)
. .
Under this scenario, the expected warranty cost is given by
which is a truncated version of the divergent series in equation (12) to its nth partial sum. Hence, for an RRFRW(n) under an AG process with parameters fa, F X 1 , b, F Y 1 g, the expected warranty cost is always finite, and this warranty strategy might be considered appropriate by some producers. The expected number of claims during the warranty coverage corresponds to the number of completed cycles, E(N(W n T )), for T . 0, and is given by
The expected length of the warranty coverage, E(W n T ), for T . 0, is given by
In Table 1 , we show the conditional expected value (conditional on being less than T) of the ith operational time X i . We have derived E(X i jX i 4T) for the cases of exponential,
Expected warranty costs over (0, L). Similar to section 'Expected warranty costs over (0, L)' under section 'Warranty cost analysis under a non-renewing free repair warranty', expressions for the expected warranty costs over (0, L) can be derived under an RRFRW(n). Consider the positive random variable j n as the time between two consecutive purchases under an RRFRW(n). By definition
Then, it can be shown that the CDF of j n is given by
Therefore, the following theorem holds.
Theorem 4.
where G i 1 (s) is given by equation (2) . Then, the expected costs over (0, L), denoted E(C(L)), are expressed in terms of j n in the following way
where m Ã j n (t) is the renewal function of the RP generated by j n .
Numerical examples
Next, we explore the properties of the AG process under a number of different scenarios. When a = 1, then the AG process is equivalent to a generalised alternating renewal (GAR) process, and when both a = b = 1, then the AG process is equivalent to an AR process. Note that in some numerical experiments we allow a = 1 and/or b = 1 in order to provide comparisons with a GAR process and an AR process. Recall that the cost of the ith repair is C i = A + dY i , as given (1), where A is the fixed cost incurred for each repair and d is the variable cost per unit repair time.
Simulation results for an NRFRW strategy
In this section, using simulation, we study the expected warranty cost of an NRFRW under an AG process with parameters fa, F X 1 , b, F Y 1 g. The expected warranty costs over the warranty period, T, as well as the life cycle, L, are estimated using the average cost over 5 million warranty cost simulations. The expected warranty cost E(C(T)), given in equation (7), is influenced mainly by the following two factors:
1. Number of claims; 2. Cost of these claims.
The cost of a claim depends on the length of the repair time (driven by the repair time distribution F Y 1 and the parameter b, 0 \ b \ 1). The number of claims depends on the operational time (driven by operational time distribution F X 1 and the parameter a, a . 1), as well as the repair times. Figure 1 explores the relationship between the repair rate m = 1=E(Y 1 ) and warranty cost for an exponential repair time distribution for various values of the cost parameter d. The operational times are modelled by an exponential distribution with rate l = 1=E(X 1 ) = 0:0055. If the time unit for the simulation is days, then this corresponds to an average operational time of about 182 days and thus a failure rate of approximately 2 per year. A repair rate of m = 1=E(Y 1 ) = 2 corresponds to an average repair time of 0.5 days and a repair rate of m = 1=E(Y 1 ) = 0:01 corresponds an average repair time of 100 days. As expected, a comparison of the three graphs in Figure 1 shows that as the cost parameter d increases, the expected warranty cost will increase. Notice that an increase by a factor of 100 from d = 0:01 to d = 1 leads to a similar percentage increase in the warranty costs for small values of the parameter b. However, the shape of the graphs changes for different values of d.
It might be expected that as the repair rate increases (i.e. the length of the repair time decreases) the cost would decrease. That is, we may expect the expected warranty cost for m = 2 to be less than the expected cost for m = 0:01. This can be observed in Figure 1 One may observe that the cumulative repair time for some of the scenarios in Figure 2 is much larger than the warranty period of T = 1460. This is because if b is small then the expected repair times increase very rapidly. For example, if the repair times are exponentially distributed, m = 0:05 per day and b = 0:2, then the expected length of the first repair time is E(Y 1 ) = 1=m = 20 days and the expected length of the fourth repair time is E(Y 4 ) = (1=m)=b 3 = 2500 days. One can easily see that with decreasing operational times (and thus a high number of failures in the warranty period), the cumulative repair time could quickly exceed the warranty period.
It can be seen from Figure 3 that as the parameter a increases (i.e. the operational times decrease more rapidly) the expected warranty cost increases. This is to be expected since shorter operational times mean that there will be more claims within the warranty period. The operational times are also influenced by the failure rate l = 1=E(X 1 ). It can also be seen from Figure 3 that higher values of l (i.e. shorter operational times) lead to higher warranty costs. Furthermore, it shows that for higher values of m (i.e. shorter repair times) the expected warranty cost is lower for values of a, which are close to 1. For higher values of a (approximately a . 1:3) and l (l = f0:0055; 0:01g), the expected warranty cost is higher for higher values of m (shorter repair times). This suggests that as the operational times decrease (higher a and l) and repair times decrease (higher m), the cost is driven by the frequency of repairs rather than the length of the repairs. This relationship is confirmed by Figure 4 , which shows the number of warranty repairs corresponding to the warranty costs in Figure 3 . Notice that the number of repairs in Figure 4 (a)(l = 0:0015) is much lower than that in Figure 4 (c)(l = 0:01).
In the following example, ageing is modelled using two different mechanisms: the GP model which is imposed on the consecutive operational times X 1 , X 2 , X 3 , . . . and the increasing failure rate (IFR) version of the Weibull distribution which is used as the underlying lifetime distribution for the operational times. The two-parameter Weibull distribution has the shape parameter k, scale parameter u and the probability density function (PDF)
k . If the shape parameter k . 1, then the distribution is said to have an IFR. If k = 1, then the failure rate is constant and the Weibull distribution is equivalent to the exponential distribution. Under a Weibull operational time, the expected value of the first operational time is E(X 1 ) = 1=l = G(1 + 1=k)=u and the variance is Var(
In these examples, we determine the corresponding scale parameter u and variance Var(X 1 ) for given k and E(X 1 ). 7, 18 The reason for this is that with l = 0:0015 then E(X 1 )'667 which is very close to the warranty period (730 days). With high k, the Weibull variance is low and the distribution is quite symmetric about its mean, so that substantial numbers of trials of X 1 will end up tightly in the near vicinity of the end of the warranty period, in which case only 0 or 1 cycle is possible. This is unlike the exponential which, although it has the same E(X 1 ), has much higher variance, which means that there is a greater scatter, and moreover (due to the skewness of the distribution) one where there are more short (less than the mean) than long (greater than the mean) operating times. The exponential therefore has more cycles. This situation is most acute when 1=l is approximately equal to the warranty period. This relationship is also presented in Figure 6 . In Figure 6 (a) and (b), the expected number of warranty repairs is primarily dependent on l; the shape parameter k has little impact. Thus, when a is small (a41:1) there is no or little ageing from the Weibull distribution's shape parameter k. However, in Figure 6 (b), when a is large (a = 4) and l is small (l = 0:0015), the shape parameter k does impact the expected number of warranty repairs.
Simulation results for an RRFRW(n) strategy
In this section, we focus on the expected warranty cost for an RRFRW(n) under an AG process with parameters fa,
) is computed using equation (14) . As in the case for an NRFRW, the expected warranty cost E(C(W n T )) is influenced by the following two factors: 1. Number of claims; 2. Cost of these claims.
Under an RRFRW(n), the warranty coverage continues until either the prespecified number of warranty repairs n are performed or the product survival time is longer than the warranty period, T. This means that the number of claims will be determined by n and by the probability of failure within the warranty period, that is, by F X 1 , a and T. Therefore, in the following analysis, we focus on the effect of changes to n, F X 1 (via l and a) and T.
Under an RRFRW(n), the maximum number of claims n is fixed and therefore the value of n influences the expected warranty cost. In general, larger values of n lead to higher warranty costs. However, this also depends on the value of a. If a is small, there is a high probability that the warranty will expire due to the survival of the product through the warranty period, rather than due to reaching the maximum number of repairs n. As a increases, the probability that the warranty will end due to the survival of the product decreases, and thus the warranty cost will be restricted by the maximum number of repairs n. A similar relationship can be observed for increasing values of l. Table 3 shows the expected number of warranty repairs for several values of n, a and l. Notice that as l increases the expected number of warranty repairs E(N(W n T )) approaches n. Also notice that as a and l increase the ratio between the expected number of warranty repairs and the maximum number of warranty repairs, E(N(W n T ))=n, is independent of n (see the last column of Table 3 ).
The impact of the geometric parameters a and b on the expected warranty cost is explored in Figure 7 for an RRFRW(10). The darker blue areas represent a lower expected warranty cost and the pale yellow areas represent a higher expected warranty cost. The cost is plotted using a log scale due to the large range of values represented. Notice that across Figure 7(a)-(c) , as l increases, the relationship between a, b and the expected warranty costs changes. In particular, as l increases, the operational time parameter a has little effect on the expected warranty cost. As shown in Table 3 , as l increases, the expected number of repairs E(N(W n T )) during the warranty coverage approaches n. Thus, when l is high, the number of repairs is essentially fixed (i.e. there are approximately n repairs), so the warranty cost will be influenced solely by the cost of those repairs, which is driven by m and b. It can be seen from Figure 7 that as b increases (and thus the expected repair times increase) the expected warranty costs also increases. A similar relationship between a, b and E(N(W n T )) was observed for different values of m (not shown here).
So far we have considered changes to the operational time distribution via the parameters l and a; however, it is also interesting to consider the impact of the type of the distribution of the operational time on the expected warranty cost. Figure 7 depicts the expected warranty cost for an exponential operational time and we have computed (not depicted here) the expected warranty cost for a Weibull operational time with an IFR. Comparing these two results, we observed similar trends with regard to l, as described above. However, we noticed that when l = 0:001 the costs are generally higher for the exponential distribution, but as l increases, for low values of a and high values of b, the costs are slightly higher for the Weibull distribution.
If the product warranty policy is an RRFRW(n), in addition to the expected warranty cost, some other diagnostics of the warranty may be of interest. Figure 8 shows, in addition to the expected warranty cost, the expected warranty coverage and expected cumulative operational time for an RRFRW(n) strategy for n = 10 for various l and m. This figure shows some expected results, as well as some unexpected ones. First, as expected, it can be seen from Figure 8 (a) that higher values of l and smaller values of m lead to higher expected warranty costs. The length of the warranty coverage W n T , which may be of particular interest to a manufacturer, is essentially the sum of the operational times and repair times until the first out-of-warranty failure (see equation (16) for the precise definition). Figure 8 (b) shows that as l increases the expected length of the warranty coverage reaches a maximum around l = 0:005. This result is unexpected; however, it can be understood as follows. Consider Figure 8 (c), which shows the cumulative operational time. As l increases, the probability of failure within the warranty period (and thus the number of repairs observed) increases. However, at the same time, the first expected operational time E(X 1 ) = 1=l decreases. The combination of these effects leads to the maximum of the expected cumulative operational time, observed in Figure 8 (c). The variation for higher values of l in Figure 8 (a) and (b) is caused by the variation in the cumulative repair times resulting from the different values of m. Figure 8 (c) does not show any variation for different values of m since the cumulative operational time is independent of the repair times. These relationships were also examined for n = 50 and a similar relationship was observed (not depicted here). However, for n = 50, E(W n T ) is heavily influenced by the dramatically increasing repairs times, and thus the maximum observed in Figure 8(b) is less apparent.
It is also interesting to compare the warranty costs of the NRFRW and RRFRW(n) models under equivalent conditions. The average number of repairs observed during the simulation of the NRFRW (see Figure 4 ) was rounded up to the nearest integer and used as the maximum number of repairs n, for RRFRW(n). The expected number of warranty repairs and the expected warranty cost under the corresponding RRFRW(n) are shown in Figures 9 and 10 , respectively. Notice that when l = 0:1 the expected number of warranty repairs under an RRFRW(n) shown in Figure 9 (c) is approximately equal to that shown in Figure 4 (c). However, when l = 0:0015, the expected number of warranty repairs shown in Figure 9 (a) is less than that shown in Figure 4 (a). This is because as l increases the probability that the warranty coverage ends because the maximum number of repairs is reached also increases. This relationship is also visible in the warranty costs. When l = 0:01, the costs under the NRFRW (Figure 4(c) ) and the RRFRW(n) ( Figure  10(c) ) are approximately equal. However, when l = 0:0015, the costs under the NRFRW (Figure 4(a) ) are greater than those under the RRFRW(n) ( Figure  10(a) ).
Application of the AG process to automotive warranty data
Warranty claims database
In this section, we apply an AG process to warranty claims data from an automotive manufacturer. The warranty database contains over 200,000 claims from vehicles manufactured between 1998 and 2001. The warranty database contains the age and mileage at the time of the claim, as well as the costs (labour, parts and other) associated with that claim. The costs in the database have been masked by the provider for commercial confidentiality. Figure 11(a) shows the distribution of the ages of the vehicles at the time of each claim. In this study, we restrict our attention to claims made within the warranty period (3 years from sale date). As shown in Figure 11 (a), the majority of claims occur within 3 years. In order to fit the AG process described in section 'The AG process in finite horizon' to these data, we need to extract the operational times X i and repair times Y i , which are not explicitly included in the warranty database, so we have estimated/modelled them as follows.
Repair times. We assume that the labour cost of a claim is related to the repair time and use this relationship to estimate the repair times Y i , i = 1, 2, . . . , n. The labour costs for all claims in the database are shown in Figure  11 (b). Note that a log scale is used in this graph as there are a few claims with very high labour costs. A linear transformation was used to convert the labour costs to repair times, using a minimum repair time of 1 day and a maximum repair time of 90 days, and the minimum and maximum labour costs across all claims in the database. For technical reasons, a small random error, generated from U(61 3 10 À7 ) days, was added to each repair time to prevent ties.
Operational times. We assume that the age of the vehicle at the ith claim is
Using this relationship, the operational times X i , i = 1, 2, . . . , n can be identified.
To demonstrate the process of fitting an AG process to data, we have selected two vehicles with at least 9 claims, vehicles A and B, from this database. The ages of vehicles A and B at the time of the claims are depicted in Figure 12 (a) and the repair times are shown in Figure 12(b) . In section 'Fitting an AG process to the warranty claims data', we fit an AG process to vehicles A and B, and in section 'Estimation of expected warranty cost over (0, T)', we use the fitted models to estimate the warranty costs.
Fitting an AG process to the warranty claims data
In order to apply an AG process to the warranty claims data, we aim to demonstrate that the operational times form a stochastically decreasing GP and the repair times form a stochastically increasing GP. This can be achieved by the completion of the following three steps:
Hypothesis testing (H 0 = it is GP(RP); H a = it is not GP(RP)); Comparing the fit of the GP and RP models to the data; Identifying a parametric form for the RP and GP.
We follow a procedure outlined by Lam 14 ( §4.2, pp.101-104) to test if the operational times and repair times are consistent with an RP and a GP and compare the fit of the models to the data. This procedure was used to assess the fit of a GAR process to warranty data by Marshall et al. 7 The above three steps are discussed in sections 'Hypothesis testing', 'Comparing the fit of the models' and 'Identifying a parametric form for the RP and GP', respectively. Hypothesis testing. The hypothesis tests outlined by Lam 14 ( §4.2, pp.101-104) were applied to the operational times and repair times for these two vehicles, and the results are shown in Table 4 . For details of these tests, refer to Lam 14 or Marshall et al. 7 For both operational and repair times, when testing for a GP, the null hypothesis is not rejected (P
. 0:05), and when testing for an RP, the null hypothesis is rejected by at least one of the tests for each vehicle (P L \ 0:05 or P R \ 0:05). These results indicate that a GP is a suitable model for the operational and repair times for both vehicles.
Comparing the fit of the models. Given a sample Z 1 , Z 2 , . . . , Z n , the mean (g), variance (s 2 ) and fitted values (Ẑ i ) of an RP and a GP can be estimated using the procedure described by Lam. 14 Refer to Table 5 for further details. Following Lam, 14 the ratio of a GP, b, can be estimated bŷ b = exp 6 (n À 1)n(n + 1)
In our model, the RP for operational times has meanĝ R = 1=l R ; RP for repair times has meanĝ R = 1=m R ; GP for operational times has meanĝ = 1=l and ratioâ; GP for repair times has meanĝ = 1=m and ratiob. The mean, variance and ratio of the GP, as well as the mean and variance of the RP, were computed for the operational and repair times and are shown in Table 4 . Using these parameter estimates, the fitted values of the RPs and GPs for operational and repair times were computed. The fitted values of the RP and GP are compared with the data in Figure 13 . Notice that for both vehicles the GP provides a better fit to the operational times than an RP. However, for vehicle A, while the GP is better than the RP, the GP does not fit as well as it does for vehicle B, as shown in Figure  13 (a) and (b). For the repair times, the GP provides a better fit than the RP for both vehicles, as shown in Figure 13 (c) and (d).
The superiority of the fit of the GP over the RP is confirmed by the mean squared error (MSE) and maximum percentage error (MPE) which, as shown in Table   4 , are lower for the GP than the RP, for both the operational and repair times. These results are consistent with the hypothesis test results in Table 4 . Note that by definition, for the final claim n, the fitted value for the cumulative operational time under an RP is nĝ R = P n i = 1 Z i , which is why the fitted RP value matches the actual data exactly. The same does not hold for the GP, although we may expect the values to be close, as they are in Figure 13 
GP: geometric process; RP: renewal process. The densities used for the exponential and twoparameter Weibull distributions are provided in Table 1 , and for the gamma distribution it is
For all distributions, the method of moments estimators is used to obtain the parameter estimates. We emphasise that, given the small sample sizes for vehicles A and B (9 and 11 claims, respectively), the following analysis is only for illustrative purposes and not for decision making.
Operational times. The fitted densities for the RP and GP models of the operational times for vehicles A and B were compared to the actual data. For vehicle A, all three distributions provide a reasonable fit to the RP data; however, none of the distributions provide a good fit to the GP data. This means that, while from Figure  13 (a) it is suggested that a GP is an appropriate model for vehicle A, none of the distributions fitted are appropriate. If more data were available, the fitting densities would have provided better insight on the parametric form of the fitted GP/RP models. For vehicle B, the three distributions provide a better fit under the GP than the RP. Under the GP model, the Weibull and gamma distributions provide a better fit than the exponential distribution.
Repair times. The fitted densities for the RP and GP models of the repair times for vehicles A and B were compared to the actual data. For vehicle A, the gamma and Weibull distributions provide a better fit than the exponential one for both the RP and the GP. However, neither distribution provides a particularly good fit to the data. Similarly, for vehicle B, the gamma and Weibull distributions provide a better fit than the exponential one for both the RP and the GP. However, once again, neither distribution provides a good fit to the data.
Estimation of expected warranty cost over (0, T)
In this section, we estimate warranty cost for vehicles A and B using the AG, GAR and AR models fitted in the previous section. The estimation of the warranty costs in this section will be somewhat poor due to the small sample sizes and the poor fit of the distributions in section 'Identifying a parametric form for the RP and GP'. However, in order to illustrate our approach, we continue with the analysis. The Weibull distribution was used to model the operational and repair times for the AG, GAR and AR models. The parameter values used in the simulation are shown in Table 6 . The subscripts 'on' and 'off' are used to indicate the parameters of the operational and repair time distributions, respectively.
Preliminary analyses indicated that the estimated warranty cost was sensitive to the choice of cost parameters A and d. Therefore, to remove the effect of this modelling choice from the comparisons, we focus on two features of the processes over the warranty period: the number of claims (equivalent to A = 1, d = 0) and the cumulative repair time (equivalent to A = 0, d = 1). The estimated warranty cost under the three models is computed for times T = {30, 50, 150, 250, ., age at the last claim} days using simulation and is the average over 10 5 simulation runs. Figure 14(a) and (b) shows the average number of repairs for various warranty periods for vehicles A and B, respectively. Notice that the numbers of repairs under the GAR and AR models are very similar. This is expected because, since the repair times are much smaller than the operational times, the number of repairs is driven primarily by the 'on' time process, which is the same in both the GAR and AR models. For vehicle B, the AG process provides a good estimation of the number of repairs. For vehicle A, the GAR or AR processes provide a better estimation of the number of repairs than the AG process. The poor fit of the AG process for vehicle A is not surprising given that the distributions fitted under a GP did not provide a good fit to the operational times (as discussed in section 'Identifying a parametric form for the RP and GP'). The curved nature of the repair number versus cumulative operational time ( Figure 13(a) ) suggests that an AG process may still be appropriate for vehicle A. Figure 14 (c) and (d) shows the actual and estimated cumulative repair times, respectively, from the simulation of the three models, for vehicle B, the AG model provides a good fit to the data, though it does overestimate the repair times for larger warranty periods. For vehicle A, none of the models provide a satisfactory fit, and in particular the AG model hugely overestimates the cumulative repair time. One reason for this discrepancy may be as follows. The cumulative repair time over the warranty period depends on the length of the repairs and the number of repairs that occur. The average number of repairs was overestimated as discussed above and is shown in Figure 14 (a). This may be compounded by the poor fit of the Weibull distribution to the repair times (as discussed in section 'Identifying a parametric form for the RP and GP'). Additional data may improve the parameter estimation and thus improve the fit of the models for vehicle A.
Conclusion
In this article, we studied non-renewing, renewing and restricted renewing free repair warranties under a new failure/repair process based on an AG process, which accounts for the shortening behaviour of the operational times and for the lengthening behaviour of the repair times. Using an AG process, we derived the expected warranty costs over the warranty period and over the life cycle for the NRFRW, RFRW and RRFRW(n) models. Using numerical examples, we demonstrated some properties of the NRFRW and RRFRW(n) models. Finally, we consider an NRFRW and fitted an AG process to data from the warranty database of an automotive manufacturer. For one of the two vehicles that we selected from the database, an AG process seems to be a good fit. However, for the other vehicle it was not a good fit. The availability of more claim data for each vehicle would improve the cost analysis and provide the manufacturer with a reliable tool to support related warranty decision making.
There are several possible research directions to further this study. In this work, we dealt with small sample sizes, which usually do not provide good insight on the statistical properties of the studied processes/variables (in particular the operational and repair times).
Other approaches, such as using data for different vehicles as repeated independent observations of one and the same vehicle, will be considered in our future studies. This treatment of data might provide better insight on the choice of the models appropriate for related warranty cost analysis. Also other stochastic processes that model the desired behaviour for shortening operational times and lengthening behaviour of the repair times over time could be considered and compared with our present results.
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The author(s) disclosed receipt of the following financial support for the research, authorship, and/or publication of this article: This research was supported by Waseda University Grant for Special Research Projects (2016B-267 and 2017B-325). because lim n!' F X 1 (a n T) = 1. Next, according to d'Alembert's test, showing that L . 1 is enough to claim that the series (equation (12)) is divergent. In order to do that, we need to recall SCT. 17 2. Second, we use SCT to find the limit in equation (18) .
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Note on SCT. SCT states that if fu n g 
Now, looking back at step 1, we have shown that L . 1, and therefore the series (equation (12)) is divergent.
